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Properties of the XXX spin chain will be obtained through quantum
inverse scattering methods. Starting with the one dimensional homogeneous
model, the algebraic Bethe ansatz will be applied to obtain the Hamiltonian
and corresponding spectrum of the system. The model will be expanded into
the inhomogeneous spin chain for the application of the functional Bethe
ansatz. Comparing the results of both methods we obtain the full set of
mathematical properties of the spin chain.
I. Introduction
For the algebraic Bethe ansatz the R-Matrix formalism will be introduced. A family of commu-
ting operators will be identified and diagonalized to obtain the Hamiltonian and it’s complete
spectrum. The completeness of the found set of eigenstates and eigenvalues will be proven
through the functional Bethe ansatz.
Liouville’s Theorem states, that a system with N degrees of freedom is integrabel in the
classical sense, if N conserved quantities exist that commute under the Poisson bracket with each
other, as well as the Hamiltonian. Through the existence of separability variables in integrable
systems, the integrability of a system also implies it’s separability [5]. The definition of classical
integrability does not hold for quantum systems. Every self adjoint operator has a spectral
representation of the form A(λ) =
∑N
n=0 λ
n
Q
n
. The Q
n
define a family of commuting operators
which can be interpreted as conserved quantities, and Liouville’s Theorem would be fulfilled
even for non-integrable quantum systems. For the sake of simplicity we shall consider a quantum
system integrable [7], if it is possible to calculate exactly some quantities of physical interest,
such as the common spectrum of commuting quantum integrals of motion or some correlators.
The XXX spin chain is an isotropic homogeneous integrable system, often used to describe
magnetism in solid matter. It consists of N interacting 12 spins which can be assigned fixed
positions on the spin chain. It can be approximated, that the coupling constant between non
neighbor spins is vanishingly low, leaving only interactions between neighbor spins of interest.
The Hamiltonian for the homogeneous system is defined as [4]:
H =
J
4
N∑
n=1
(σ1nσ
1
n+1 + σ
2
nσ
2
n+1 + σ
3
nσ
3
n+1 − I) (I.1)
I denotes the identity matrix, and σαn , α = 1, 2, 3 the pauli matrices.
In the case of the XXX spin chain it is understood, that J
x
= J
y
= J
z
, with J being the coup-
ling constant. The hamiltonian acts in the 2N dimensional Hilbert space Γ=
∏N
n=1⊗ hn, hn ≈ C
2.
The h
n
are spinor spaces of the 12 spins and two dimensional. σ
α
n only acts non trivial on the n-th
spinor space σαn = 1 1 ⊗ · · · ⊗ 1 n−1 ⊗ σ
α
n ⊗ 1 n+1 · · · ⊗ 1N . We can identify the ends of the spin
chain with each other, assuming the chain to be closed to a circle. This leads to the boundary
condition σαN+1 = σ
α
1 .
II. R-Matrix formalism
The R-Matrix is defined as [6] R(λ) =

λ+ i 0 0 0
0 λ i 0
0 i λ 0
0 0 0 λ+ i
 = λI⊗ I + iP, with
P
a,n
=

1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1
 = 12 (I⊗ I +∑α σαa ⊗ σαn), P (x⊗ y) = y ⊗ x , ∀x, y ∈ C2
The R-Matrix acts on C2 ⊗ C2 and is required to fulfill the Yang-Baxter equation [2].
R
12
(λ− µ)R
13
(λ)R
23
(µ) = R
23
(µ)R
13
(λ)R
12
(λ− µ) (II.1)
The operators R
12
, R
23
und R
13
act on C2 ⊗ C2 ⊗ C2 and can be constructed as
R
12
(λ) = R(λ)⊗ I, R
23
(λ) = I⊗R(λ), R
13
(λ) = P
23
(R(λ)⊗ I)P
23
By inserting the operators into the Yang-Baxter equation we obtain for both sides


∆1 0 0 0 0 0 0 0
0 ∆2 iλ(i+ λ− µ) 0 i(i+ λ− µ)(i+ µ) 0 0 0
0 ∆3 −i+ (i+ λ)(λ− µ)µ 0 iλ(i+ µ) 0 0 0
0 0 0 λ(λ− µ)(i+ µ) 0 iλ(i+ µ) ∆4 0
0 ∆4 iλ(i+ µ) 0 λ(λ− µ)(i+ µ) 0 0 0
0 0 0 iλ(i+ µ) 0 −i+ (i+ λ)(λ− µ)µ ∆3 0
0 0 0 i(i+ λ− µ)(i+ µ) 0 iλ(i+ λ− µ) ∆2 0
0 0 0 0 0 0 0 ∆1


with ∆1 = (i+ λ)(i+ λ− µ)(i+ µ), ∆2 = λ(i+ λ− µ)µ, ∆3 = iλ(i+ λ− µ), ∆4 = i(i+ λ− µ)(i+ µ)
The spectral parameters λ and µ can be complex values.
We introduce the Lax pairs [3].
L
a,n
(λ) = R
a,n
(λ−
i
2
) = (λ−
i
2
)I + iP
a,n
=
(
α
n
β
n
γ
n
δ
n
)
(II.2)
α
n
=
(
λ+ i2 0
0 λ− i2
)
, β
n
=
(
0 0
i 0
)
, γ
n
=
(
0 i
0 0
)
, δ
n
=
(
λ− i2 0
0 λ+ i2
)
L
a,n
(λ) acts on a⊗ Γ, with α ≈ C2 being an auxiliary space. L
a,n
(λ) only acts non-trivial in a
and the n-th spinor space of the Hilbert space Γ. The elements of the matrix can be defined as
operators α, β, γ, δ, which act on Γ.
R
ab
(λ− µ)L
a,n
(λ)L
b,n
(µ) = L
b,n
(µ)L
a,n
(λ)R
a,b
(λ− µ) (II.3)
The L-operators fullfill the RTT = TTR relation [4], and the monodromy matrix T
a
(λ) can be
defined as T
a
(λ) = L
a,N
(λ) . . . L
a,1
(λ) =
(
A(λ)B(λ)
C(λ)D(λ)
)
. Similar to the L-operators, T
a
(λ) can
be understood as a 2 × 2 matrix in an auxiliary space with operators that act on Γ as entries.
T
a
(λ) also fulfills the relation
R
ab
(λ− µ)T
a
(λ)T
b
(µ) = T
b
(µ)T
a
(λ)R
ab
(λ− µ) (II.4)
This relation defines the associative and comultiplicative Yang-Baxter algebra T
R
[7]. If two
representations L
1
(λ) and L
2
(λ) exist of T
R
in the spaces V
1
and V
2
then T (λ) = L
1
(λ)L
2
(λ) is
2
another representation of T
R
in the space V
1
⊗V
2
. T
a
(λ) is the representation of T
R
in V
N
⊗· · ·⊗V
1
and contains the ferromagnetic vacuum Θ. T
R
also contains the quantum determinant ϑ(λ),
which commutes with all elements of the algebra. For the calculation of ϑ(λ) we will first extract
the commutation relations of (II.4). The difference between the spectral parameters shall be
called ζ = λ− µ.
Rab(ζ)=

i+ ζ 0 0 0
0 ζ i 0
0 i ζ 0
0 0 0 i+ ζ
 ,Ta(λ)=

A(λ) 0 B(λ) 0
0 A(λ) 0 B(λ)
C(λ) 0 D(λ) 0
0 C(λ) 0 D(λ)
 ,Tb(µ)=

A(µ) B(µ) 0 0
C(µ) D(µ) 0 0
0 0 A(µ) B(µ)
0 0 C(µ) D(µ)

Through explicitly writing (II.4) and comparing the entries we can obtain the commutation
relations.


(i+ ζ)A(λ)A(µ) (i+ ζ)A(λ)B(µ) (i+ ζ)B(λ)A(µ) (i+ ζ)B(λ)B(µ)
iC(λ)A(µ) + ζA(λ)C(µ) iC(λ)B(µ) + ζA(λ)D(µ) iD(λ)A(µ) + ζB(λ)C(µ) iD(λ)B(µ) + ζB(λ)D(µ)
iA(λ)C(µ) + ζC(λ)A(µ) iA(λ)D(µ) + ζC(λ)B(µ) iB(λ)C(µ) + ζD(λ)A(µ) iB(λ)D(µ) + ζD(λ)B(µ)
(i+ ζ)C(λ)C(µ) (i+ ζ)C(λ)D(µ) (i+ ζ)D(λ)C(µ) (i+ ζ)D(λ)D(µ)


=

A(µ)A(λ)(i+ ζ) A(µ)B(λ)i+B(µ)A(λ)(ζ) A(µ)B(λ)(ζ) +B(µ)A(λ)i B(µ)B(λ)(i+ ζ)
C(µ)A(λ)(i+ ζ) C(µ)B(λ)i+D(µ)A(λ)(ζ) C(µ)B(λ)(ζ) +D(µ)A(λ)i D(µ)B(λ)(i+ ζ)
A(µ)C(λ)(i+ ζ) A(µ)D(λ)i+B(µ)C(λ)(ζ) A(µ)D(λ)(ζ) +B(µ)C(λ)i B(µ)D(λ)(i+ ζ)
C(µ)C(λ)(i+ ζ) C(µ)D(λ)i+D(µ)C(λ)(ζ) C(µ)D(λ)(ζ) +D(µ)C(λ)i D(µ)D(λ)(i+ ζ)


The comparison gives
[
A(λ), A(µ)
]
=
[
B(λ), B(µ)
]
=
[
C(λ), C(µ)
]
=
[
D(λ),D(µ)
]
= 0, and
A(λ)B(µ) =
ζ − i
ζ
B(µ)A(λ) +
i
ζ
B(λ)A(µ), D(λ)B(µ) =
ζ + i
ζ
B(µ)D(λ)−
i
ζ
B(λ)D(µ)
C(λ)B(µ) = C(µ)B(λ) +
ζ
i
[
D(µ), A(λ)
]
, B(λ)C(µ) = B(µ)C(λ) +
ζ
i
[
A(µ),D(λ)
]
(II.5)
A(λ)D(µ) = A(µ)D(λ) +
ζ
i
]
B(µ), C(λ)
]
, D(λ)A(µ) = D(µ)A(λ) +
ζ
i
[
C(µ), B(λ)
]
Multiplicating (II.4) with R−1 and constructing the trace yields
tr
ab
(
T
a
(λ)T
b
(µ)
)
= tr
ab
(
R
ab
(λ− µ)−1T
b
(µ)T
a
(λ)R
ab
(λ− µ)
)
tr
a
(
T
a
(λ)
)
tr
b
(
T
b
(µ)
)
= tr
ab
(
T
b
(µ)T
a
(λ)
)
We define the transfer matrix
t(λ) = tr
a
T
a
(λ) = A(λ) +D(λ) (II.6)
with the commutation relation
[
A(λ)+D(λ), A(µ)+D(µ)
]
=
[
t(λ), t(µ)
]
=0.
III. The quantum determinant
The quantum determinant is defined [7] as q-detT(λ) ≡ tr 1−P2
(
T(λ− i2)⊗I
)(
I⊗T(λ+ i2)
)
. For a
matrix with scalars as entries the quantum determinant is equivalent to the normal determinant.
Using the commutation relations we can rewrite the quantum determinant as
q-det = D(λ−
i
2
)A(λ+
i
2
)−B(λ−
i
2
)C(λ+
i
2
) (III.1)
It should also be noted, that the quantum determinant is comultiplicative. It follows, that
q-detL
1
(λ)L
2
(λ) = q-detL
1
(λ)q-detL
2
(λ). For the explicit calculation of the quantum determi-
nant it is useful to introduce spin operators [7]. The spin operators only act on the n-th spin
3
and have a set of commutation relations.
S
±
=
1
2
N∑
n=1
σ
±
n = S1 ± iS2 , Sα =
1
2
N∑
n=1
σ
α
n , α = 1, 2, 3 (III.2)[
S
α
, S
β
]
= i
3∑
γ=1
ε
αβγ
S
γ
,
[
S
+
, S
−
]
= 2S
3
,
[
S
3
, S
±
]
= ±S
±
,
[
S
3
, B(λ)
]
= −B(λ)
[
S
+
, B(λ)
]
= A(λ)−D(λ), S2 = S23 +
1
2
(S
+
S
−
+ S
−
S
+
) = l(l + 1)
We can now express the L-operators using spin operators L
a,n
(λ) =
(
λ+ iS
3
iS
−
iS
+
λ− iS
3
)
and
calculate the quantum determinant.
q-detL
a,n
(λ) = (λ−
i
2
+ iS
3
)(λ+
i
2
− iS
3
)− i2S
+
S
−
= (λ− il −
i
2
)(λ+ il +
i
2
)
Using the comultiplicativity of the quantum determinant, we obtain
ϑ(λ) ≡ q-detT
a
(λ) =
N∏
n=1
(λ− il
n
−
i
2
)(λ+ il
n
+
i
2
) (III.3)
IV. The algebraic Bethe ansatz
The transfermatrix t(λ) can be understood as a power series in λ [8].
t(λ) = 2λN +
N−2∑
n=0
λ
n
Q
n
(IV.1)
The Q
n
operators can be interpreted as constants of motion that define a family of commuting
operators containing the Hamiltonian, as well as the momentum operator. The large quantity
of commuting operators are a strong indicator for the integrability of the system.
By evaluating the transfer matrix for λ = i2 , with traPa,N =
1
2tra
(
I
a
⊗I
N
)
+tr
a
(∑3
α=1σ
α
a⊗σ
α
N
)
=I
N
,
we obtain
t(λ)|
λ= i
2
= tr
a
T
a
(
i
2
) = tr
a
(
i
N
P
a,N
. . . P
a,1
)
= iNP
1,2
P
2,3
. . . P
N−1,N
The momentum operator is defined by e−ipσαn e
ip = σαn+1 , n = 1, . . . , N ; α = 1, 2, 3.
We define the shifting operator U = P
1,2
P
2,3
. . . P
N−1,N
= i−N t(λ)|
λ= i
2
= eip and obtain
p =
1
i
ln i−N t(λ)|
λ= i
2
(IV.2)
Evaluating the derivative of t(λ) for λ = i2 , multiplicated with t(
i
2)
−1 gives
d
dλ
t(λ)|
λ= i
2
t
−1(
i
2
) = tr
a
(∑
n
L
a,N
(
i
2
) . . .
d
dλ
L
a,n
(λ)|
λ= i
2
. . . L
a,1
(
i
2
)
)
t
−1(
i
2
)
=
1
i
∑
n
P
1,2
. . . P
n,n+1
P
n−1,n
P
n,n+1
. . . I . . . P
n+1,n
P
n,n−1
. . . P
1,2
=
1
2i
N∑
n=1
(I +
3∑
α=1
σ
α
nσ
α
n+1)
The Hamiltonian follows directly.
H =
J
4
(∑
n
(
∑
α
σ
α
nσ
α
n+1 − I)
)
= J(
i
2
d
dλ
ln t(λ)|
λ= i
2
−
N
2
)
4
The relation to the momentum operator is given by
H =
J
2
(i2
d
dλ
1
i
ln i−N t(λ)|
λ= i
2
−N) = −
J
2
(
dp
dλ
+N) (IV.3)
By finding the eigenvalues and eigenstates of t(λ) one can determine the spectrum of Q
n
and
therefore the spectrum of the Hamiltonian and momentum operator [3].
L
a,n
(λ) =
(
α
n
β
n
γ
n
δ
n
)
acts on ν
n
=
(
1
0
)
, with α
n
=
(
λ+ i2 0
0 λ− i2
)
, and δ
n
=
(
λ− i2 0
0 λ+ i2
)
If follows, that α
n
ν
n
= (λ+ i2)νn and δnνn = (λ−
i
2 )νn, and therefore
L
a,n
(λ)ν
n
=
(
λ+ i2 (⋆)
1
0 λ− i2
)
ν
n
(IV.4)
The ferromagnetic vacuum can be defined as Θ =
N∏
n=1
⊗ ν
n
, the monodromy matrix
T
a
(λ) =
(
A(λ) B(λ)
C(λ) D(λ)
)
, acts on Θ as T
a
(λ)Θ =
(
(λ+ i2 )
N (⋆)
0 (λ− i2)
N
)
Θ and with
A(λ)Θ = (λ+ i2)
N Θ and D(λ)Θ = (λ− i2)
N Θ we can conclude that Θ is an eigenstate of
A(λ) + D(λ) and therefore of t(λ). It is understood, that S
+
Θ = 0 and S
3
Θ = N2 Θ. The
operator C(λ) can be interpreted as an annihilation and B(λ) as a creation operator [3]. We
will now determine under which conditions the Bethe vector Ω = B(λ
1
) . . . B(λ
j
)Θ , j ≤ N2 is
an eigenstate of t(λ) [4]. With
[
S
3
, B(λ)
]
= −B(λ), S
3
Ω = (N2 − j)Ω, and the commutation
relations (II.5), we obtain
A(λ)Ω = A(λ)B(λ
1
) . . . B(λ
j
)Θ
= B(λ
1
)A(λ)
λ− λ
1
− i
λ− λ
1
B(λ
2
) . . . B(λ
j
)Θ +
i
λ− λ
1
B(λ)A(λ
1
)B(λ
2
) . . . B(λ
j
)Θ
= (λ+
i
2
)N
j∏
l=1
λ− λ
l
− i
λ− λ
l
Ω+
j∑
l=1
i(λ
l
+ i2)
N
λ− λ
l
∏
n 6=l
λ
l
− λ
n
− i
λ
l
− λ
n
(. . . B(λ
l−1
)B(λ)B(λ
l+1
) . . . )Θ
The (λ+ i2)
N is a byproduct of letting A act on Θ. D(λ) can be calculated analogous.
D(λ)Ω = (λ−
i
2
)N
j∏
l=1
λ− λ
l
+ i
λ− λ
l
Ω−
j∑
l=1
i(λ
l
− i2)
N
λ− λ
l
∏
n 6=l
λ
l
− λ
n
+ i
λ
l
− λ
n
(. . . B(λ
l−1
)B(λ)B(λ
l+1
) . . . )Θ
For Ω to be an eigenstate of A(λ) +D(λ), the Bethe equation (IV.5) must be fulfilled.
i(λ
l
+ i2 )
N
λ− λ
l
∏
n 6=l
λ
l
− λ
n
− i
λ
l
− λ
n
−
i(λ
l
− i2 )
N
λ− λ
l
∏
n 6=l
λ
l
− λ
n
+ i
λ
l
− λ
n
= 0
=⇒
(λ
l
+ i2)
N
(λ
l
− i2)
N
=
∏
n 6=l
λ
l
− λ
n
+ i
λ
l
− λ
n
− i
l = 1, . . . , j (IV.5)
(IV.5) limits the possible values of the spectral parameter. The eigenvalue of
t(λ)Ω =
(
A(λ) +D(λ)
)
Ω follows directly.
φ(λ) = (λ+
i
2
)N
j∏
l=1
λ− λ
l
− i
λ− λ
l
+ (λ−
i
2
)N
j∏
l=1
λ− λ
l
+ i
λ− λ
l
(IV.6)
1⋆ denotes an irrelevant expression.
5
With φ|
λ= i
2
= iN
∏j
l=1
λl+
i
2
λl−
i
2
, the eigenvalue of the momentum operator can be shown to be
pΩ =
(1
i
ln i−N trT
a
(λ)|
λ= i
2
)
Ω =
1
i
ln
( j∏
l=1
λ
l
+ i2
λ
l
− i2
)
Ω
With p˜
l
= 1
i
ln
λl+
i
2
λl−
i
2
we can rewrite the eigenvalue p of the momentum operator as
pΩ =
j∑
l=1
p˜
l
Ω (IV.7)
The Hamiltonian can be determined analogous.
H Ω = J(
i
2
d
dλ
ln t(λ)|
λ= i
2
−
N
2
)Ω
=
J
2
j∑
l=1
( i(−4iN + iNN(1 + 4λ2l ))
iN+1(1 + 4λ2l )
−N
)
Ω
=
(
−
J
2
j∑
l=1
1
λ2l +
1
4
)
Ω
With ε
l
= J2
dp˜l(λ)
dλ
= −J2
1
λl+
1
4
the Hamiltonian can be rewritten as
E Ω =
j∑
l=1
ε
l
Ω (IV.8)
B(λ) can be interpreted as an operator that creates magnons of the energy ε
l
and the momentum
p˜
l
while reducing the spin of the system by 1. S
3
B(λ
1
)Θ = (N2 − 1)B(λ1)Θ. The spin reduction
that occurs during the excitation of the system, from the ground state into the one magnon
state, is not achieved by the tilting of a single spin, but rather by a collective excitement of the
entirety of spins [1][8].
V. The functional Bethe ansatz
The functional Bethe ansatz separates the multidimensional spectral problem of the transfer-
matrix into a one dimensional problem. The separation variables are the zeros of B(λ). Also
the functional Bethe ansatz does not require the vacuum Θ, which allows the examination of a
wider range of systems, e.g. the toda chain. Applying the functional Bethe ansatz to the homo-
geneous spin chain leads to a degeneration of T
a
. This degeneration prevents the construction
of an eigenbasis for the zeros of B(λ). To circumvent the issue the homogeneous spin chain has
to be expanded into the inhomogeneous spin chain. This is done through the introduction of a
full spin into the spin12 chain. Since the monodromy matrix T depends only on the difference
of the spectral parameter, the spectral parameter can be shifted by a constant τ to reduce the
degeneration [7].
T(λ) = K
N∏
n=1
L
a,n
(λ− τ) =
(
A(λ) B(λ)
C(λ) D(λ)
)
(V.1)
With K being a matrix with constants as entries and W being the representation space of T.
One can interpret T as a polynomial in λ, that defines a representation of T
R
in W [7].
T =
(
A(λ) B(λ)
C(λ) D(λ)
)
=
N∑
n=0
λ
n
T
n
=
N∑
n=0
λ
n
(
A
n
B
n
C
n
D
n
)
(V.2)
6
The separation variables can be obtained by determining the zeros of B(λ). The quantum
determinant ϑ(λ) is required to be a scalar function and T
N
to be a matrix with constants
as entries, both requirements are fulfilled for the spin chain. Those requirements are necessa-
ry to ensure that B(λ) and ϑ(λ) are polynomials of the highest degree. With the symmetric
polynomials b˜
n
≡ (−1)n
BN−n
BN
, B(λ) can be written as
B(λ) = B
N
λ
N +B
N−1
λ
N−1 + · · · = B
N
(λN − b˜
1
λ
N−1 + . . . ) (V.3)
It is required that B
N
and det T
N
do not vanish. The b˜
n
can be interpreted as multiplication
operators [b˜
n
Ψ](b
1
, . . . , b
N
) = b
n
Ψ(b
1
, . . . , b
N
), with Ψ ∈ function space of Bˆ ∼=W . This isomor-
phism requires {b˜
n
}Nn=1 to possess a complete set of common eigenfunctions fn and ∀ bˆ ∃! fn. By
mapping the b
n
(xˆ) to their elementary symmetric polynomials, we obtain
bˆ = (b
1
, . . . , b
N
) ∈ Bˆ ⊂ CN , Bˆ = spec{b˜
n
}Nn=1
xˆ = (x
1
, . . . , x
n
) ∈ Xˆ ⊂ CN , Xˆ = spec{x˜
n
}Nn=1
b
n
(xˆ) =
∑
1≤j1≤···≤jk≤n
x
j1
. . . x
jk
, Ω : CN → CN
For the spin chain it is understood, that each Xˆ = Ω−1(Bˆ) is unique. The zeros can be defined
as multiplication operators in the extended space W˜ , with W˜ ∼= function space of Xˆ .
B(λ) = B
N
N∏
n=1
(λ− x
n
) (V.4)
The operators A(λ) and D(λ) act from W to W˜ . We introduce the function Λ, with
ρ(xˆ) = 1, ρ ∼=W , to expand W to W˜ [7].
Λ+n (xˆ) = D(λ)|λ=xnρ(xˆ) =
N∑
l=1
x
l
nDlρ(xˆ), ∀ xˆ ∈ Xˆ
Λ−n (xˆ) = A(λ)|λ=xnρ(xˆ) =
N∑
l=1
x
l
nAlρ(xˆ), ∀ xˆ ∈ Xˆ
Let s(x) be an arbitrary symmetric function on Xˆ , then
D(λ)|
λ=xn
s(xˆ) = s(e+i
∂
∂xn xˆ)
N∑
l=1
x
l
nDlρ(xˆ) = s(L
+
xˆ)Λ+n , D(λ)|λ=xn = Λ
+
nL
+
n
A(λ)|
λ=xn
s(xˆ) = s(e−i
∂
∂xn xˆ)
N∑
l=1
x
l
nAlρ(xˆ) = s(L
−
xˆ)Λ−n , A(λ)|λ=xn = Λ
−
nL
−
n (V.5)
L
±
n = e
±i ∂
∂xn , L±n : (. . . , xn, . . . ) → (. . . , xn ± i, . . . ) acts as a shifting operator. Λ
±
n defines
how A(λ) and D(λ) act on a arbitrary vector in W , while Λ±nL
±
n acts on an arbitrary function
s ∈ function space of Xˆ ∼= W˜ . The commuting relations can be obtained by calculation [7] and
are as follows [
x
n
, x
m
]
=
[
Λ±nL
±
n ,Λ
±
mL
±
m
]
=
[
Λ+nL
+
n ,Λ
−
mL
−
m
]
n 6=m
= 0 (V.6)
Λ±nL
±
nxm = (xm ± iδnm)Λ
±
nL
±
n , [D(λ)D(µ)]λ=xn
µ=xm
= Λ+nL
+
nΛ
+
mL
+
m
Using the commutation relations and (III.1) we can rewrite the quantum determinant as
ϑ(λ+
i
2
)|
λ=xn
=
∑
a,b
x
a
n(xn + i)
b
D
a
A
b
= Λ+nL
+
nΛ
−
nL
−
n , ϑ(xn ±
i
2
) = Λ±nL
±
nΛ
∓
nL
∓
n
ϑ(λ) = Λ+(λ−
i
2
)Λ−(λ+
i
2
) (V.7)
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With (II.6) and by evaluating the spectral parameter λ at x
n
, the spectrum φ(λ) of t(λ) can
now be determined.
t(λ)Ψ = φ(x
n
)Ψ(xˆ) =
(
Λ−nL
−
n + Λ
+
nL
+
n
)
Ψ = Λ−n (xˆ)Ψ(L
−
n xˆ) + Λ
+
n (xˆ)Ψ(L
+
n xˆ) (V.8)
With Ψ(xˆ) = Ψ(x
1
, . . . , x
n
) =
∏N
n=1 ψn(xn) this equation can be separated into N one dimen-
sional equations.
φ(x
n
)ψ(x
n
) = Λ−n (xˆ)ψn(xn − i) + Λ
+
n (xˆ)ψ(xn + i) (V.9)
Comparing (V.9) with (IV.6) yields
φ(λ) = (λ+
i
2
)N
j∏
l=1
λ− λ
l
− i
λ− λ
l
+ (λ−
i
2
)N
j∏
l=1
λ− λ
l
+ i
λ− λ
l
With Q(λ) ≡
∏j
l=1(λ− λl) and (λ+
i
2)
NΘ = Λ−(λ)Θ, (λ− i2)
NΘ = Λ+(λ)Θ, we obtain
φ(λ)Q(λ) = Λ−(λ)Q(λ − i) + Λ+(λ)Q(λ + i) (V.10)
As can be seen (V.9) and (V.10) have an identical form, the algebraic and the functional Bethe
ansatz produce the same results. Since we have a direct equivalence between the eigenfunctions
of the multidimensional and one dimensional case the completeness is given. It can be concluded,
that the results of the algebraic Bethe ansatz for the spin chain are also complete.
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